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Equationsare presentedfor obtainingthe wall mordinstejs&
two-dimensionalSupersoxlmnozzles. The equationsm baaed on
the applicationof the methodof ohmwteristios to irrotatimal
flow of penfeutgasesIn channels. Curvesand tablesare included
for obtainingthe parametersrequiredby the equationsfor the
wall coordinates.

. A brid disoW8ion ot dmraoteristim as appliedto nozzle
desi~ Is givento assistin Undemtmdlng A using the nozzle-
designmethodof this report. A sample&esi@ is shown.

.

INTRO~OTIOH

A supersonicnozzleis used to transfom parallelfluu at
sonicvelocityinto peu?allel,unifozmflow at a supersonicMaoh
number. The conventionaltwo-dimensionalsupersonlonozzlecon-
sistsof the followingfour main partsarrmged in the dirmtim
& flow (fig.1):

(1)A subsonioinleteonvergl.ngin the dirmtion of flow

(2)A throatin whiohthe streamlinesare parallelto the
nozzle~is and sonlovelooityof the oompresslbleflow is
reaohed

(3)An expandingpartwith constantor inmeaalng an@e of
inolinddon of the nozzlewall to the axis of the nozzle,in
whiohthe flow aooelerateeto supersonicspeeds

(4)A straighteningpart at increasingarea of moss seotion
in the Mreotton of flow but demeasing angleof inollnatloncd
the wall to the nozzleaxis; in this part,the flow is tuned
-lel to the ~zzle -S fiti the desired finalMaoh mmiber
unlfoxmaoroasthe exit seotion.
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In a ~perly desi~ed nozzle,thereare no oqession or qan-
sionwaves in the flow downstreamO& the atralghtenlngportion. A
streamline orossing suohwaveswouldbe alteredin direotiond
Maoh nwzber,whioh Is generallyundesirable.

The methodat’Oharaotwlstloaprovide8a meansfor obtaining
the ~perties of a fluldmovingat SUpeZWon10spoedP* Solid
mrfaoea. A particularapplloation@ the method af oharaoter-
istiospermitsthe solutionaF the Inverse pxmblemof obta
the pmal?ileC& the solidboundarythatwould oreatea deelred
supersonicflow.

Graphioalmethodsfor designingtwo-dimensionalnozzlesby
the methodaf oharaoteristios,for example, are reviewed in refer-
enoe 1. @&@ItO&l methods e131Ploytngoharaoteristiosfor obtalnlng
nozzlesfme from wavesIn the finalflow,Mwever, are tedious
and subJeotto the err= InharentIn oonslmuotlonInvolvlngthe
plottlngof many oonseoutivelines.

The applloatlonaP the methodof oharaoteristioeto the
analyticaldesignd two-dimensionalaupersonionozzleswas oa-
pletedat the NACA Clevelawllaboratoryin Febxmary1947. Ana-
ly%loalexpressionsare obtaln4dfor the wall oontours of the
supe=~o --of the *-d-sional nozzle. h andytioal
eqmession for the straighteningpart of two-dimensionalnozzles,
in whichsouroeflow Is consideredto existIn the eqpandingpart,
has been derivedby KhnoFoelsohof NorthMerioan Avktion, Ino.,
but no methodis givenfor oreatingsuohsouroeflow. In order
to presenta oaqpletedtsousshn of two-dimensionalnozzledesl~,
the desl~ cd nozzle-walloontourfor produolngsouroeflow in the
expsndlng~ of the nozzleand the design@ the oazplauentaqy
straighteningpart are presented.A lessoazpletetreatmentof
this problemfram a differentpointof view has been givenby
A. O. L. Atkin in a Britishreport.

A worlclngknowled~ of the methodof okaoterlstlos Is
desirableIn orderto understandsad use the nozzle-designmethod.
For this reason,the form at the methoda? oharaoteristiosmost
convenientfor discussingthe methodof nozzledesignconsidered
Is givenin an appendix. A s~ of the designequationsand
a samplenozzledesignare lnoluded.

MErEaD OFANALYSIS

It will be demonstratedthatwhen souroeflow is oreated
entirelyaorossthe nozzleohsnnelat any sootion,adjao~t areas
of the flow alsohave the propertlee@ souroeflow. on thiEI

.
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basis,analytical.expressions=e deri~edfor the nozzle-wall
mmdinates requiredto createa speolfiedsouroeflow in the
e~ part of the nozzleand to tuzm that flow into a unifom
stream~allel to the nozzleaxis in the strai@tening parbwith
the desiredlkoh nmzber. Only irrotatlonalflows are oonaidered
in this analysis. The totaltemperatureand the total~essure
are oonetantthrou@c@ the flow. The flow adjaoentto the nozzle
walls is assumedto followthe wall oontourat all times.

R?optiies & SouroeFlow

In most oonmnticmal supersonicnozzles,souroeflow is
approximateed at the end of the eq?andingpadt af the nozzle.
Becauseof the simplemathematicalrelationsgovezmlngsouroe
fluw, it is desirableto specifythat ~eot sourceflow exist
at the end of the expmMng pert 6f the nozzleto obtainana-
lytiml e~essions at simplefom for the nozzle-wallcoordinates.

The essentialpropertiesof two-dimensionalsouroeflow m
illustratedin figure2. ~ the supe=onlo ~ (solid lines),
streamlinesare straightand appecmto divergefrcunthe apparent
upatremzsoume O. AU streamtubeswith the same Included
angle 0 betweenboundingstreeuullnesO- the ssmemass flow.
I&cm one-dimensionalsupersonh-flow theory,whtch appllesto
this t~e of flaw beoausethe flow is uniformon oiroularoylln-
drioalsurfaoesmnmntrio with the ap~nt souroe,the Maoh
numberat pointsa distanoe r (fig.2) fraz the ap~ent
sourceis givenby the fol.lowingeqression:

where + is the fluw -a Wr unit depthnonaalto the stream-

linesat a dtetanoe r f mm the soume and Al %s the c?omespond-
ing flow area at M = 1. (Forconvenience,all synibolaare defined
in appendixA.) The pamneter rl is the distancefrom the

apparentsourceto the aro at which the Maoh number is unity,
comes~nding to the looationof ap~t throatof the souroe
flow. The mea of moss seottonnormalto the flow at whioh
M=lla
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Equation(1)thenbeooms

Al

%==

(la)

Ewmion Waves end Charaoterlstios

Aocordingto the dlsoussim in appendixB, ohangesinflow
dlreotionend Maoh nudberin divergingohanneh are produoedby a
systemcd’expansionwavesoriginatingat the ohannelwalls. The
ohangein rl~ direotiondue to an expansionwave frcm one ohannel
wall is oonstantalongMaoh linesdirectad downstreamfran their
pointof oontaotwith the ohsnnelwall wherethe wave miginates.
In the absenoeof expansionwaves frcm the seoondwall,theseMach
linesare strai@t and all the flow experiemes the same ohangein
M.reotionsmd H numberbetweenthe sametwo Maoh linesin the
expansionwave. H the flow entersthe duuknelwith unifonudlreo-
tion and W nuniber,the flow direotionand the Maoh nudberare
oonstantfor the entireflow alongthesestrai@t Maoh linesin the
expansionwave. The Maoh mmiberand the flow direotionare the
sane as that of the flow movingadjaoentto the ohannelwall at the
pointof oontaotwith the -h line. A numberoan be assi~d to
the Maoh linethat is equalto an expansiveangularturn abouta
oornerin a wall,boundingthe flow, required to converta smio
flow (M = 1) to the sameMaoh numberas that alongthe I&oh line,
aooordingto the well-lmownPrandtl-Meyertheory (reference2).
Maoh linesso numberedare oalledoharaoteristios. The oharaoter-
istiosoriginatingat the upperwall cifthe nozzle’(fig.3) are
designatedby (Y+) end from the lowerwall by (v-). Eaoh point

in the flow is omssed by a (Y+) and a (W-) charaoteristio

oomespondingto the two Maoh linesthrougheverypointin a
supersonicflow. The value of (y+) assi~ed to a charaoteristio

representsthe counterolookwiseangularturningthat wouldbe
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experiencedby the streamlinemmlng from the led%betweenthe
regionwherethe flow Is untiormwith a Wh numberof unity and
the (Y@ ohmterietlo In the absenceof the systazof expansion
waves designatedby the (T-) oharaoteristics.Similarly,the

valueof the (Y-) dmraoteristiorepresentsthe olookwlseturning

mrtenced by a streanllnefrun the leftbetweenthe regionwhere
the l&oh numberis unity and the (W-) dmmoterlstic in the

absence& the systemof expansionwaves desi~t~d by the
(!?+)ehsraoteristics. The oounterolookwiseangularturningpro-

duoedby the e~ansion wave betweentwo ahaxaoteristiosof the
(~+) set, des~ted (’q)l ~ (YJ2, iS (9+)2 - (Y+)l.

Likewise; (!l-)2- (!I-)lrepresentsthe clockwiseturningat the

flow producedby an ~ion wave of the (W-)set. ~ appendixB,
it is also shownthat turningthe flow in either the olookwlseor
munterclockwisedireotiondue to the expansionwavesfran the
nozzlewalls is aooaupaniedby an imrease of the crossseotionof
the flow tubeswith a consequentIncreasein supersonic-flowMaoh
number. The deviationof the flow produoedby the waves corre-
spondingto one set of oharaoteristicsoomrs independentlyof the
presenceof the wave of the otherset. The oodbinell<f eot of
overlappingeqansion waves of the (Y!+)emd (W-) sets,as

shown in zone III of figure 4, is obtainedby addingthe effeotof
the two sets of expansionwaves consideredseparately.The total
Prandtl-Meyerturningangle Y assi~ed to a ~int ~ (fig.4) is
the sum of the (YJ+)and (W-) chswaoteristiosthroughthe

pointF. E M is the Maoh nunderof the flow at 3’, thenfrcun
reference1 or 2

.
-1 Ai?z

Y=(W+)+(!l-)= Ata —- tan-l JM2-1
A

(2)

Also, the totalcounterolodswlseangul= deviationof the flow
betweenthe direotionwhere the Maoh nuuiberis unity and the ,
pointY is equalto

e = (!!+) - P+’e) (2a)

H the veWes of (T+) and (Yc) are knownat all pointsin the

irrotationalflow the flow is mapletely speoified beoauseequa-
tions (2)and (2a\give the flow Woh numberand directionat any
point.
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In the nozzlesoonsl~ered,the throat8eotionis f’ollowedby a
partthat produoesa Wormflow parallelto the axisat sectionII’
(ftg.3) at a Maoh nuniberMI greaterthan unity. l.%thodsfor
cresting this uniformflow with the requiredvalue of MI saw dis-

oussedelsewhereheretn. The nozzlewalls at sectionI are parallel
to the nozzleaxis. The first expansionwave emanatingfrcunthe
up~r wall due to the oounterclockwlseturningof the wall at
pointI is boundedupstreamby the ~(Y’+)charaoteristio,making
the Mach angle ~1 (equalto sin-lM~) with the Unfformfbw of

Machnumber MI. Simil.axly,the first expansionwave emanating
fromthe luwerwall due to the clockwiseturningof the lowerwall
at If is boundedupstreamby the (W-) chsraoteristio,makingthe

Maoh angle pl with the UIlifO?.111flow %“

The flow in the nozzlebetweensec$tionI and the downstream
ohsmmteristicsthzmughI and It is unHorm and has the Maoh
number MI becausethis spaoeis not traversedby wavesfran

eitherwall. In this zonethe valued’ Y’ la oonstantend is
designatedVI, correspondingto MI (equation(2)). Beoause
flow is uniformand parallelto the axis at all pointsin this
zone,from equation(2a)

the

(3)

and from equation(2)

WI = (Y+)I + q, = m’+)z = 2(W-)
1:

(3a)

The downstreamcharaoterlsticsthroughthe points*I and I‘ there-
fore have a value

~1
(’1+)1= (!+, = ~

Bemuse cifthe axialsymmetryof the flow raoduoed
end lowernozzlewalls,the oharaoteristtosthroughI md I~
(flg. 4) mive at the oppositewalls at correspondingpointsEt
and E, respectively.At any pointB (fig.4) on the upperwall
upstreamfrau E, the wallmakes en angle a with the nozzleaxis.
Betweenthe pointsI and B, the streamlinesmovingalongthe wall

b

.

#
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will be turnedoounterolockwisethroughan angle a.
the (Y+) ohsraoteristiothroughB is therefore

.

and the value & the (Y-)oharaoterlstiothrough B?

Betweenthe uppernozzlewall and the

+a

charaoteristio

7

The valueof

(4a)

(fig.4) is

(4b)

throu@ I~
(zoneI, fig.-4),the (Y+) characteristicsare straightlines

becausethe expansionwavesfrau the upperwall are not crossedby
any wavesfran the luwerwall. (SeeappendixB.) Likewise,in
zone II the (YJ oharaoteristlosare strai@t for oomespondlng

reasons. In zone III expansionwavesfrcm the upper and lowerwalls
overlapend the charaoterlstiosere curved.

The canpletewave patternfor nozzlesof the t~e mnsidered
is shownschematicallyIn figure3. The first expansionwaves to
leavethe nozzlewall at pointsI and It ere boundedupstreamby
the “(Y+)l ma (W-)l, characteristics,respeotively. Beoause

of the symmetryof the nozzle,theseoharaoteristios arriveat
correspondingpointsE* and E on the oppositewalls. Therefore,
betweenpointsI and E no expansionwaves are inoidentupon the
nozzlewalls. In the straight-walledpertbetweenseotionsEEf
emd SSt, erpsmsicmwaves are emittedhavingstrengthequalto the
incidentwavesfrcauthe oppositewall. In orderthat no expansion
wavesbe emittedfrmn the portion& the wall betweenS end E
(straighteningpert), the wall in this pert of the nozzleis
curvedtowardthe nozzleaxis. The curvatureat the nozzlewall
is the ssme as that assumedby the streamlinemoving alongthe
wall underthe Influenoeof the inoidentexpansionwavesfrom the
oppositewall. (SeeappendixB.) No waves - emittedby the wall
betweenpointsS and N, therefore,and zonesIV and V are traversed
by one set of expansionwaveswhose oharaoteristiosme straight.

2

SourceFlow in XIJozzles

The nozzle-designmethodaonstderalIn this reportIs basedupon
establishingsouroeflow at oiroular-aroseotionEE’ (fig.4). At
this seotionthe inclinationof the wall to the axis has ~ assigned
value q and the assignedMaoh numberof the flow IS ~.
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and ~ at seotionEE1 Is oon-
“IIEIGHW COMEUZE NOZZLE.” It

will firstbe shownthat if sourceflow existsat seotlonEE’
it existseverywhereIn zone III. The flow betweenpointsin
zoneIII is then relatedby equation(la). This fsot,together
with the faot that the oharaoterlstlosIn zonesI =d II -
straight,Is the basisfor establishingan analyticalqeesion
for the nozzle-walloontourproduoingthe stipulatedsouroeflow
at seotionEE’.

The pointd intersectionof the strai@t line tangentto
the nozzlewall at sectionEE’ (fig.4) and the nozzleaxis
representsthe looation O of the qppsrentsouroemeatlng the
souroeflow throughsectionEE’. At all pointson seotionEEt,
the Mach numberis oonstaut. At a pointon sectionEE~ wherethe
flow makesthe

T
e 6 with the axis,the followingrelations

fraa equations(2 and (2a)apply:

!!~ = (’l?+)+ (w.) =

where A = J(7+l)/(7-1)

A tan-l
Jr2-1 *=-1 J*—.

A
(5)

At a
with

and

e= (%) - (K) (5a)

pointII’on seotionEE’ throughwhichthe flow makes the angle 0
the axis,from equations(5) and (5a),

(6)

%-e(’L) = ‘~ (6a)

Inasmuohas souroeflow existsa seotionEEi, @ is knownat
everypointon the sectionaud the oaupltiesystem& oharacter-
istiosmn be speoifledon the seotlon.

The flow in the neighborhmd af point~ on sectionEE$ at
whioh souroeflow Is consideredto be establishedis shownin
detailin figure5. It wfll be demonstratedthat at pointG, a
distanoe & frazF towardthe apparentsouroealongthe stream-
linethrough~, the streamlinehas the same directionas at ~.

.

,

.
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Moreover,on the circular-ercsectionthrough
o, the Mach num%er is constant. Becausethe
constanton section

holdsfor all points

acterieticsGJ and

EE’, frcm equation(5),

a(~+) a(~-)
r= --r

C&3 concentricwith
Mach numberis
or (6) snd (6a)

(6b)

on section El?’. The (T+) - (Y-) char-
(XI make the Mach eagle B with the stream-

linethroughpoint F, so that the lengthof srcs HF and FJ
sre equalaccordingto the equation

rde2= iii= &tan~=FaJ=rd81 (7)

Therefore

de2 - ael (7a)

At point G

W= equations(6b) and (7a)

eG = (’?+)F- (%)F = ~ (8)

The streamlinethrough G thereforehas the same directionas the
streamlinethrough F. Also,frcm equations(2) and (6b) and the
expressionsfor (~+)G and (~-)G used in equations(7b),there is
obtained

(9)
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From equation(7)

%3

But fran equation(6b)

W+) a(q)—.—
be ae

(9a)

and

g=ttmp

&r (lo)

This expressionis Independentof e. Therefore,beoause tan ~
is oonstsnton seotton EE’, on ares a oonstantdistanoe’& from
section EE’ the valued c1Y is mnstant. The oiroular-am
seatfon W Is theratorealso a eeotionon whioh souroeflow
exists. A repetitionof the developmentsjustdescribedwoul@
establishthat sourceflow existsIn zonesadJaocmt to ciroular
Sro W*

In thisw., souroeflow can b6 shownto existIn zone III
(fig.6) to the leftof sectionEE’. Ih the upperhalf of the
nozzle,souroeflow is l@ited to the zone (zoneIII)between
section EE’ =d the (q-)It ohemoteristiothroughthe nozzle

wqll at point E. (Seefig. 4.) At all pointsin this zone,both
(’1+)and (Y’-)Wu’aoteristlm belongto the systemof dumaoter-

istlosgivingso-e flow at seotion KIE’.At a point K outside
this zone,the (!?) oharaoterlstioIs not part of the systemof

oharaoterlstiosthat is asaooiatedwith the muroe flow apeolfled
for section El!’ end the souroeflow doesnot inQlude point K. ,–



EACA ~ HO. E6B02 11.

b

A
5’

The existenoeof the zone ct souroeflow (zoneIII) (fig.6)
oan be shown by phwioal reawmlng as well. H the flow thro@h
the nozzlewere re~ersed,the supersonicflow beingfrom the test
emotionto the throat,and if souroefluw existedat aeoti~ XB’,
then the qsaaton waye fran the wall at point E wouldbe bounded
upstreamby the (p-)I,&uw&emistio through E. me =Iume

d the ohange& wall oontourat 1? wouldbe effeotiveIn the flov
downstreamof this cluuaoterietio.Betweenemotion EE’ and _
(Y-)l, ohsraoteristio,no ohangefrca muroe flow would ooour.

Coordinates af Wall Contour& -ion Part of Nozzle

The ooordtnatesof the nozzle

flow at seotion EE’ - obtained

The originat?the eoordinatea
(fig.6) and X sad T szw tak~

walls X,Y that produoesouroe

in the followingdevelo~t:

is talmnas the ap~t souroe
xallel and normalto the axis

& GM &mzetrioal.nozzle,respectively.The coordinatesaf polnta
on the ohsraoteristioswill be designated x,y.

Aooordlng to figure 6, the equation of any ( !?-)z haotir-

istioin zone~ is @yen as

x=roose

whelm

(n)

(Us)

(llb)

fma eq-tion (la). From equation(Za)

.

-.
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e= (Y’+) - (!?-)z= (!?+)+ (L)z “ 2 (w+

= T -2 (Y.)z (110)

The Justtiicationfor substituting~ for Al and q for ~

in equatton(la)to obtainequation(llb)is based on the following
considerations:The”massflow,aoroeseeotion EE’ is the s- as
the massflow throu@ the nozzlethroat,where M = 1. H sourue
flow aotuallyexistedfor all the flow upstreamof motion MEt,
the flow wouldbe containedbetween,stral& llnes OE and OEt
(fig.4), whichmake the angle ~ with the axis. At the hypo-

theticalseotion rl (fig.2), where M = 1 in some f 1-, the
densityand the flow Pelooitywouldbe the same as the mrrespond-
i~ mlues for the nozzlethroat. Beoausethe mass flow Is the
same aoroasthe Al sectton and the nozzlethroat,the flow -a

must be the same In both oases:

zoneIII (fig.4)

From equation(4)

and frcm equation(llc)

(ml)13=? ?-!!l

and r is gtven by equation(llb).

The nozzle-wallcoordinatesof the expandingpart can now
be directlyobtainedfrom the followingargument: BeoausezcmeI
containsexpansionwavesfrom onlythe upperwall, a Oharaderistlo

.

—

.
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suoh as W (fig.6) In zone I is straightand the flow at every
pdnt on the linehas the sznueMaoh numbea?and flow direction 8.
(SeeappendixB.) The flow linescrossingeaoh ohar@eristic at

-1 * ~th the
q pointin zone I make the sme angle B = sin
aaraoteriatio. Soume flow exists on c3irmlaram VW concentric
with O end the Maoh numberis oonstsntfor all pointson the aro.
Point V Is mnmon to the aro VU and the Maoh line W and,
inammmh as thereare no discontinultiesin the flow, the Maoh num-
ber Is omstant alongthe line UVW. Becausethe flow is considered
to have constanttotalpressureand totaltemperature,the properties
al?the fluid,euoh as density,statiopressure,statictemperature,
and flow speed,are mnstant alongline UVW. The continuityaa-
dltionfor steadyflow requiresthat the mass flow he the same aoross
section EEr and UVW. H sourceflow did exist in the entirewedge-
shapedzonebetweenthe nozzlecuis =d the straightline OE, the
Maoh numberof the flow aorossarc TV oonoentriowith O wouldbe
the same as aotuallyexistsalong VW or UV. The mass flow that
crossesWh line UP would cross- TV with the same densityand
velocity. The area 2 sin $ nozmalto the flow orossingWh
line UV must thereforebe equalto the area nomal to the assumed
souroeflow orossing TV. As TV is the am normalto the direo-
tion al?the assumedsouroeflow,

“2 sin p = r(c&) (12)

By means of the relation sin s . ~

2 = Mr(cL#) (12a)

n x,x d x,7 =e takenas the wall cmrdinates and
the coordinatesof the (%)1, akaoteristdo, revectivelY, then
f ran figure6

X = X-2 00S (p-e)= r 00s e - w (~-e) 00s (p-e) (3.3)

Y - Y+2 ah (p-e)s r sin e + w (~-e) sin (p-e) (13a)

Negativevaluesof X are possible.

All terms in equations(13)and (13a)are furmtionsof M.
Thesefunctions,takemfrom equations(llb)and (I.ld),- listed
here for oonvenlenoe:
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Valuesfor

are

MI

-1 J= *=-1 Jz
e+ Y+%dt8m

A

given in table 1, ooluum3.

The values & M used in equations(13)and (13a)range fraa
to ME. The methodof eeleotlng ~ till be clisoussedIn mn-

nOOtim wth ow+all nezzle-design~-ia-ti-. The mlues d
MI, aa ME U- m the oholce& q in a manner to be dZa-

cusmd subsequentIy.

Onoe souroeflow Is establishedat seotion EW by nozzle
walls shapedaomrdlng to equations(13)and (13a),the souroe
flow aorossthe o~lete ohazmeloontinuesdownstream& seo-
tion EE’ as longas the nozzlewallsare atralghtand hare ,
the InollnationUE with the nozzleaxis. _tZWam of 800-
tion sS’, the end of the strai@t-walledX .(fig.7), the
souroe-flowzoneertendsf- the d to tie (T& ~w-
istiein the upperhalf of the nozzlema the (W-)SS o_-
terlstioin the lowerhalf of the nozzle. The proofof this

.

[

.

,
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fad is similarto that givenzmeviously
upstreamof motion

H the uniform
at a Woh n=b= cd?

EE’- (fig;5)● -

Vd.ue ~ VI

~allel fluw aoross
unity,both llmiting

for the zone

15

fmmediateu

seotion11~ (fig.4) were
Maoh lines,or oharaoter-

istios. I’E and ~’ ~uld leavethe~ respeotlv&nozzlewalln
with dkotim nomzalto the nozzle-s and ~ould m?rl~eat the
oppositewall withoutdiep@oement downstream. - this easethe
lengthof the expandingseotionof the nozzlewould be zero.

The minimmzvalueof ~1 requiredto obtaina lengthof
nozzlesnffioientto penzltan assignedvalueat ~ at seotionJ5~

is obtainedfrom the physioalrequlramentthat the mlue of M
must al.ws inoreasewith increasing valueof X, the nozzle-wall
coordinategivenIn equation(13). The minlzmm~alueof ~, cor-
respondingto the minimumvalue of T1, (eqpation (2)) Is obtained
fram

,

(M12-1)
3/2

%= 0.6 M14
(14)

for 7 = 1.400. The developmentof this equationis given In
append--C. ValUOS & MI less than thosegivenby equation(14)

bx in the nei~borhood of motion I.give negativevalues& ~

A plot of equation(14)is givenIn figure8.

The highestvalue ~ oan have (fi& 8)is about31°, oorrespond-
i~ to a value ~ MI = 2. Souroeflow cannotbe Poduoed in nozzles
with ~ seater then 31°. The um?eepondlngvaluesc& !?l given
by equation(14)lie between O and T1 00Y?ZWPOIMMXWto ~ = 2.

The valuesd? VI plottedin figure 8 are minimumvalues. W=.
all dest~ mnsiderattonsor ease of o=putation ~ suggestvalues
of !#I greaterthsn theseminimumvalues. If a highervalue IS
chosenfa gI, the correspondingvalueof ~ required to obtti
the desind value of ~ is aanputedIn a manner to be oonsld-ed

in the seotbn entitled“Designof C~plete Nozzle.n
.
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Wall Cohtourof StraighteningFart of Nozzle ,

The straighteningpart M the nozzleswnsiileredoonvertsa
sugmrsonto souroe flow intoa uniformflow ~lel to the nozzle
axis. Considera supezwmnlasouroeflow at oirouler-aroseotionSS~
oonoentricwith apparentsouroe(flg. 7). Clroular-srosectionSS~
may be-ooinoidentwith motion EEt or ~ be a seotlondownstream
of section EEt. E? It is downstream,souroeflow existsaorossthe
entirestrai& -walledohsnnelof the nozzlebetweenseotlons EE~
and 88’. Beoausethe nozzle-wallourvaturebetweenpoints S and
N wI1l influenoethe flow only dmnistreamof the forwardMoh llne
throughpoint S ((Y!+)soharaoteristio), the souroeflow ends at

the (q+)s oharaoteristlo uytresm of pointF.

The straighteningpart of the nozzle1s,designedon the prln-
oiplethat the wall mntour is shapedto mmfonu to the curvature
of the streamlinead~aoentto the wall t~t is turnedby the inoZ-
dent expsnsionwave frcm the oppositewall. No emissionuf either
expansionor oanpresslonwaves oooursfran the wall so shaped.
This pointis discussedin appendixB. me (Y+)s oharaoteristio
thereforerepresentsthe downstreamllmitof all expansionwaves t

emanatingfrom the uppernozzlewall. The zone enolosedby the
linesjoiningthe points S@’l’?oontalnswavesthat originateat
the lowernozzlewall only. The (!?.)oharaoterlstlosin this

.

zone are

obtained
ad@oent

thereforestrai@t. (SeeappendixB.)

equatlcmof the limitingOharaoteristic(!?+)sis

by mak~ use cd’the faot that souroeflow existsin the
areaupstreamof the (!!+)S ohm?aoteristic.Ifx and

y are the coordinatesparallel-d normalto the nozzleaxis,
respectively,of the (!?+)scharaotemkticwith the origintaken

at the appemnt souroe,then

x=roose

y=rsin8 (15)

where r is givenas a funotiond M by equation(llb). By the
samereasoningusedto obtainequation(lld), 6

e = (~+)s- (U = - p+)s + (!?] + 2 (Y+)s

-l ‘
= 2 (Y+)s- Atau-1 y + tin-lJKl

Is‘obt&ined-as

-2( W+)S-V”

(16) .



HACARM HO. E6B02

The valuescd M rangefrcm ~ to ~. The evaluation of

is obtainedfzmm the observationthat a streamlinealongthe

17

(V+)s
nozzle

axis emrtvingat point F (fig.7) wI1l have crossedail ~ion
waves emanatingfrau both walls ~d will thereforebe at the final
flow Maoh nwiber ~ oorrespmdingto a total turning angle Tf.

Becausethe Inclination& the flow to the axis is zero at point F,
valuesof (!P+)and (T-) of the dumaoteristicsthroughpoint F
are given by the equatton

e

Moreover, the (~+) and
limltingchsraoteristics

beoauseIn a aymzetrioal

= (~)F - (v+ = o
(T.) ohemaoteristiosthrou@ F are the
(%)s and (!?-)s?,respectively;therefore

= (!?+)s= (!?-)S?= (%)F

nozzle (Q “ (!?-)SU d

~F = (~+)F + (+ = 2 (v+)~ = 2 (~+)s

!?~
(Qs = ~ (16a)

The flow throughpoint F is at the finalI&oh number ~. There-

fore, qF = !pf and eqpation(16)oan then be written

e=gf -y=qf - htan-1 * + tcul-lg. (16b)

where M has valuesbetween

respondsby equation(2) to

directionat point S makes
(fig.7)

~ and ~. The value of ~ cor-

YS = (Yf+)s + (Y-)s. Beoausethe flow

the angle ~ with the nozzleais

(Y+)s - (L)s = q

Therefore,from equation(16a)

!?s=2(w+)s-q=~f-% (160)

The mcmdlnates X, Y & the nozzlewall for the straighten-
- are obkined in a reamer similar to thoee for the expaud-
section. A clwaoteristio(suohas GE in zone IV, (fig.7))



inoludedin area’SFN is straightand the Mach numlmris constant
alongthe characteristic.(Seeappendix.) Consequently,the
flow direction, pressure, temperature,and velw~tr we o=t~t
&ng such characteristics. Along the circulararc GD, source
flow exists and the Mach nunber,pressure,and temperature-
constant. Only the flow directionvariesalong GD. As point G
is commonto GH and arc GD, the physicalpropertiesof the
fluidand the flow speedalong GD ae the saw as along GE. The
area of flow normalto the streamlinesalong HDG is

A=re+2sinfj (17)

U’ sourceflow had existeddownstrem cd section SS’, as it would
have If the nozzle walls had continued downstreamstraightthrough
s, thenthe mass fluw acmes am BGD wouldhave the same value
as acrossEGD. The fluidwouldalsohave hkd the SSMS pressure,
temperature,density,and flowMach nuniberas actually exists m
arc GD, whichdoessupportsourceflow. The area normalto the
flow across EGD wouldthereforebe the same as for the flow that
does crossHGD and frcm equation(17)

%=re+26inp (17a)

As sin $=*

. 2 = m (~-e) (in)

‘2herefore, if X,Y md x$Y ELIW
straightening partend the (y+)S

x s x+2 cos (e+~) = r 00s

Y = y+? sin (e+p)= r sln

the nozzle-wallcoordinatesof the
characteristic,respectively,then

e + ~ (~-e) cos (e+p) (18)

e + ~ (aE-e)sti (e~) (18a)

The values of r ae obtained from equation (I.lb) and ars tabu-
lated in table I, colum 4. The valueof e is obtained frcm
Yf-f3 (given in table I, column 3) corresponding to the value c&

M for which the point (X, Y) (equations (18), (18a)]is being
obtained. The value of I+ corresponding to ~, the final Wh

number of the nozzle, is also obtatied frm table 1$ CO1- 3 ● The
valueof M to be used in equations(18)and (18a)rangesfrom
I% to Mf.
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Supersonic nozzles are

OF coMPLErEr?ozzLE

generally speoified
cross-sectional area of final unifozm flow Af
number Mf. The nozzle-throat area is obtained

dimensional-flow equation

19

in terms of the
and the final
by the one-

for whicshvalues are tabulated in table I.

I?ozzlewithout Straight-Walled Part

The shortest nozzles that may be desianed by the method

Maoh

reported ere those without a straight-walledpart between sec-
tions E13’ end SS’. The straightening part immediately follows
the expanding part. For a given value d MI and givenfinal
Maoh number ~, the valueof ~ is fixed by the following con-

siderateion: Beoause q is the angle through which the nozzle

yall turns between seotion II’ and SeOtiOn EEf (fig. 3), then

(v+)E - (!?+)l= qJJ (19)

By equation (4)

%
q = (!?+)E- ~ (19a)

The value of (Y+) remains constant at (!!+)E downstream of

the (Y+)E charaotertstic because no additional waves are emitted

fran the upper wall & the shortest nozzle (fig. 9). The value at
(K) likewise remains constant at (!?!-)E,downstresmof the

(’4J~f characteristic. At the end at the nozzle, where the flow

is parallel to the nozzle axis with a uniform Maoh number ~,
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e=

Yf = (Y+)E+(T-)E, =2 (Y+)B=2 (Y-)E,

Frau equation (19),thmefore

a~

The angle ~ Is alwayslees

angle Yf requiredto obtain

Considerationsof nozzle

.%-%
~

(19b)

(120)

thsn one-halfthe equivalentturning

the finalMaoh number ~.

constructionor flow stabilityu
SUggeSta desirable vd.ue d’ q. Then ~1 iS @V~ by eg~- -

tion (190)for a nozzlecd givenfinalMaoh number ~. The value

of ~ chosenmUSt CO??SSSPOti tO a VdhZe of ~1 by e~UatiOn (1%)

that is equalto or greaterthanthe minimum VI oanputedby
eq~tim (14)for the same valueof ~. (Seefig. 8.) A small

savingin lengthof nozzleis made if a valueof ~ aud the cor-

responding VdUe d ~I are obtainedfr~ the simultaneoussolu-
tion d equattons(14)and (190). Theseare givenin a plot af ~ ‘
and the uorrespomlingminimum value of ~1 required is givenin
figure10 for a range of values of Mf frun 1 to 10. In the hl*

ranged values of final Maoh number ~, ~1 ex~ee~ ~. ~
h?ge values& ~1 are undesirable,lowervaluesmq be used in
oonjunotionwith a stral@t-walledpcd & the nozzleas dlaoussed
in the next seotion.

IVozzleWith Stral@t-WalledParts

I!Pnozzlesare desiredhatingknownvaluesc& ~ and T1

lessthan thosegivenby equations(14)and (190)(fig.10) thena
straight-walledportionof the nozzleis re@red downstrewa&
seation EEr to obtainthe desiredvalueof ~. The length&

the requiredstraight-walledpart is obtainedas fO11OWS: Aowrd-
ing to equation(llb),whlohappliesto souroeflow,the -al
dlstanoebetweencirculm-- sections El!’ and SS8 Is .

.
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The values of ~ and ~ are obtainedf= the corresponding

valuesof !?E and YS evaluatedin the followlngmanner:

* ~ssion for YE is obtainedfrcm e@ations (4) and

(4a)

Frm

and figure4 as

gE = (T+)E

equation(160)

(204

Y?~=~-aE (20b)

The values& !!E and YS frcm equattons(20a)and (20b)

provideby means of table 1, oolmns 1 and.3,the corresponding
value af ~ end ~ required in equation(20). The values CU

rs and ~ likewisecan be obtainedfraz table 1. The cmly

theorettoalrenditionon the chol~eof VI and ~ is,that VI

shallnot be leas than the valuegivenby equation(14) (fig.8)
for the valueof ~ chosen(lessthan 31°).

Maoh

Desi@l& Iilitial-ion Paz-k

Exaotnozzle-wallocatoursfor mnverting a uniformflow at
numberunityto a unifoqasupersonloflow at Maoh nmber M1

can be obtainedby shaptngthe nozzlewallsto mnfonu to the
streamlinescomespondingto the turningof a sonic fluu abouta
corneraomrding to Prandt144eyertheory. (Caupletenozzlesbuilt
aooordingto thismethodhave excessivelengthfor him fM
Mach nuzbers. This lengthis undesirableif thickb~ l~ers
on the nozzlewalls are to be avoided.)

.
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Four alternate applications of the use of the solution for the
turn about a corner to obtain the wall coordbate of the initial
expansion part are illustrated in figure 11. ~ fIgure 11(a) is
shown the subsonio entranoe part, the nozzle throat, the initial
expansionpart, SAd the expanding part of the nozzle. The.lower
wall of the initial’expansionpart Is a sharpcornerat C with
~ ~le equal.to ~1. The upperwall has the contouraP a stream-

line d? the flow aroundthe sharpcorner. In figuren(b) is
illustratedthe sametype of initialexpansionpart in whichthe
sharpcornerat C d fQure 11(a)is replacedby a streamlineof
the flow aroundthe sharpcorner. In the arrangementsof both
figures11(a)and 11(b),the axis of the subsonicentrancemakes
the angle VI with the axis of the supersonicpart of the

nozzle. The axis of the subsonlo inlet can be made parallel to,
but dfset from, the axis aP the supersonic part of the nozzle
by producing the initial expansion M the flow by means af a
counterclockwise and clockwise turning of the flow about a corner
at the upper wall (point ~, fig. 11(c)) and the lower wall
(point C2) eaoh Uf EUIg10 ~1/2. As in the case shown in

figure n(b), the corners at Cl and C2 oan be replaoed by
streamlines. The arrangement illustrated In figure n(d) uses
a plugwhose contours downstzwam of the throat are shaped to oon-
form to streamlines for the flow around the corners C and C!
on the upper and lower walls, respeotively. The turning @e
at C and C! is qI degrees. The initial expansion af the

flow 5,s,in effect, accomplished by two separateinitialexpsnsion
partsin psmdlel. The axisof the subsonicentrarmeis in line
with the axis of the supersonicpart of the nozzle.

An alternate fozm of the arrangement of figure 11(d) is shown
in figure n(e). No plug is required in this initial expansion
part. The e-ton waves arising at the turns at C and C‘
are interceptedwithout f-her remission by the opposite walls.
As all the streanl.inescross the expansion waves from both the
upper and luwer wall, the turning angles at C and C‘ are
!?=/2● lhe wall contours of the -aigeunent shown in figure n(e)

are not streamlines of a Prandtl-Meyer turn about a corner,but
must be obtatnedby the standardgra@ical methodto be discussed.

The expressIons for the coordinates of the wall contour in
whioh the hit ial turningof the flow is produoed are now obtained.
In figure12 is shown the supersonic flow about the oorner uf
a two-dimensionalwall in a supersonic flow of infinite extent.
Aocomiing to Prandtl-Meyer theory the Mach number of the flow is
constant along radial lines from the cornerend all flow lines

.
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creasing a given radial line are p=allel at the
a flow line a distanoe dl fm the ooner cl
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radialline. For
alonga radial

line, the totalflow area-normalto the flow ~ is dl s~n P.

Fran the geometricalrelationshuun In figure12, the coordinates)
ct a givenstreamline(wallcoordinates)are

(21)x~=dlom(p+~~-~)

(21a)y~=d~8ti(P+~I-g)

-l#(lsM~”I
where ~ = sin ). The value of d~ is obtwned

fruz the one-dlmeneionalflow relation

dl *

()

~ dlsin~ ~ ~ 1+~~
—=—
J%’% ‘q=E q

,

h
+1

()

l+~M227-1
dl=~

q
(21b)

When the shortwall of the initial~ansion pemt is a sharpoorner,
then ~ is equalto the width of the nozzlethroat. E both
walls in the Initialturn- portionof the nozzleare to oonform
to streamlinesas illustratedin $igure n(b), the throatwidth Is
givenby ~ - ‘boo The mordinates of the longwall eme givenby
equations(21)a@ (21a)and of the shortwall by the S- equation
with bl - b. substitutedfor ~ md ~, respectively,in

equations(21),(21a),and (21b). The valuesof d/~ su’egiven
in teible1, colmn 5.

When the inttiale-ion to ~ Is acmanplishedLn two
steps,as shownin figuren(o), the mcmdlnates of the walls of
the first part are givenby eqpations(21)and (21a)with !?I

replaoedby !ll/2.The coordinatesof the wall of the seooml

sectionaboutpoint C2 are obtainedfrciathe ge=etric relations
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illustratedin fIgure13~ The anglebetweenthe flow directionat
R and at G, wherethe flow direotionis parallelto the nozzle
walh, is !?I - K It D is a point~ the wall oppositeto the

looatlonof aorner C2 and d2 is the variablelength C@, then
the ooordlnatesof the wall are

(22)

y2=d2sh(8+!?I-~) (22a)

The coordinate =es at C2 are turned at an angle yI/2 with
respemtto the axes at Cl. The valueal? M rangesfra ~ to
M1, where ~ correspondsto ~1/2, or

Moreover,

y+l .
2(7-1

())l+y$
%=% q (22b)

(from equation(21b)). Valuesof d2/Q, shownas d/do, are
givenin table1, oolumn5. Point C2 can be oolncldentwith
point B (fig.13).

U the coordinatesof the wallswith smmth turns (fig.14)
are desiredin placeof the sharpturnsat Cl and C2, theyare

obtainedas baforewith bl, b2, and b. substitutedfor ~,

. ’32) ~a do, respectively,in equations(21)to (22a). The
nozzle-throattidth is then do - b..

When a plug is used in the Initial~anoia partof the
nozzle,as in figurell(d)~eti wall has a turn equalto TI;
eaohturn Influenms the flow betweenthe correspondingwall and
the plug. The coordinatesof the plug (fig.U(d)) downstreamof
the throatare givenby equations(21)and (21a),In which ~
is now the distanoefrom the wall to the plug at the throat

.
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seotion CB. Saooth turns oan be substitutedfor
by the methoddisouseedin mnneotion with figure

25

the mmem at C
n(b) . Boun~-

l-&erdevelopmenton the plugx produoean undesirablewake.
This condition~ be alleviatedby the boundary-l~er-rsmoval
arrangementsillustratedin fIgurell(cl).

A ~phical methodfor obtainingwall coatoursfor the initial
expzusion corre~pondlng to the oonftgurations@wn in fl

r)
e 11(0)

is illustratedin figure15. The systauof (!?+)and Y- ohar-

aoteristlcwemanatingfran the uorners C and C’ mcurvedin
zone I to amount “forthe effectof one set-d e~la waves on
the otherIn aoeordanoewith the discussion of appendix B. Ih
zones II ezitIII, the &araoteristics are straight beoausethe
nozzle walls are curved to prevent emlsslon of waves downstzwm of
pointsC -a C’. Becauseall expansionwavesfraz C and Cs
remainupstreamof the (Y!+)and (~-) ctiter~tt~s e!l~ to

Y*/2, (T+) is constant everywhere in zone II at a mlue d Y1/2.

In zone III, (Y.) is likewiseconstante~e~ere at Y1/2. E

M1 re~esents the MSoh nmnber of the flmr at seotion II’(flg. 15),

then the width of the nozzle at seotion II’ Is obtained fraz the
ohe-dfm+msionalsupersonic-flow relation

h
+1

2 7-1

‘I 1

()

l++@
~=%

q
(23)

Valuesof the rightside of equation(23)me @ven In tAble I,
column4.

Beoausethe ohangein wall contourbetweenpoints B cdl G
(fig.15) is made to mnfo= to the oumature of the adjaoent
a%retilnea producedby the inoident~lon waves,the dange
in ml angle a between B and G on the upper will (zme 11),
is

Aa=A8=e~- ~ = (’!+)G- (UG - (~+)B+ (UE

’41
or, beoause (~+)G= (~+)B= ~ $

- & = (q.)G- (y-)B (23a)
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for, from the previousdiscussion,

%
(’l+)B“ (!?+)G= ~

similarly,on the lowerwall (zoneIII)

-Aa = (v+)H- (~+)J (23b)

Beginning the graphical l~out of the walls fran section IIi,having
the calculated width wI# in the manner shown at the lower wall

(flg. 15) is advisable. Thie procedure insures that the ratioat
the area at section IIt to the throat section is correct and gives
the desired value af M1. The line HJ is drawq making the

angle Aa with the nozzle axis as determined by equation (23b).
The line JK is drawn likewise, making the angle Aa with
line HJ as dete?xninedfran equation (23b) with K and J
substituted for J and H, respectively. The polygon obtained
by the method just described is replaced by a smooth curve through
the vertices of the @ygon.

The systemof characterlstiosfor zoneI of the initialexpan-
sionpart of nozzleshavingvaluesof ~ up to 1.536,whichcor-

respondsto an initialturningangleof 13°, is reproducedin fig-
ure 16. The zone I c-acterlstlcs for an initial~ion part
& equivalentangle VI are obtainedby selectlngall (Y+) and

(U ch~~teristics ha~u valuesequalto ~d lessth~ ‘1/2.
The zoneII chsmoterist ics are obtained by continuing the set
at (T.) characteristics as strdght lines in the direction of
the tangent to the characteristics at their point of intersection
with the (‘Y+)‘ charaoteristio equal to ‘41/2. The zone III char-

acteristics - obtained by continuing the set of (Y+) charaoter-

istics as straight lines in the direction QP the tangents to the
charaoteristios at their intersection points with the (Y.) ohar-
aoteristic eqwl. to Y1/2 . A plot sImilar to that given in

figurs 15 results. Becausethe wall contouris determinedby the
zone II and zoneIII characteristics,the zone I cluu%ctertstics
need not be plotted. Fran zone I is obtained the direction and
the coordinates of the zone II and zone III characteristics at the
point of contact with the limiting (~) and (Y-) characteristics
equalto ~1/2. The direction and the coordinates of the character-

istics can be obtained from the coordinate system given in figure 16.

.
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. Traotngs from f@ure 16 will be inaccurate because of the distor-
tion of the figure during reproduction. The system of character-
istics is given for a nozzle having a throat width of 24 inches.
The coordinates of the characteristics for nozzles having a differ-
ent throat width At are obtained by multiplying all coordinates
given in figure 16 by At/24. The slopes of the characteristics-.
remainunaltered.

Estimation of

The length at the supersonic
is

~=xf-

As ~ is the coordinate M

Nozzle Length

p,ertof the nozzle (fig. 17)

XI + Le (24)

the downstream end of the nozzle

where M is equal to Mf, its value is given by equation (18)

withe=O

where rf Is obtained from table I with M = ~. The value of X1,

given by equation (13),corresponds to the coordinate of section II’
where M equals MI &nd 6’= O

X1 = ??1(1 - JfICLEcm PI) (24b)

Negative values of X1 are possible.

The length of the initial eqansion pert Le (measured along
tts nozzle wall) is generally less then 10 percent of the total
length of the nozzle. The follcming approximate expressions for
Le ‘will in

1. For

general suffice:

one turn about a corner(fig. n(a)),

Lesd@u~=d@n(900+~1 -@

~~docot (PI ‘!?I)

where qI is obtained from table I for M = Mr.

(24c)
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2. For two turnsin sumession abouta wrner at eaohwall
(fig.11(C)),

!?I
Le= do tan ~+wIt~E=~t~(90°+~- ~n)

+ wI t= (90° - PI) = do cot (~n
b-#+wl~Ot~I

(24d)

where ~n = 13in-1~, - % ~omxpoti to Y1/2 fruu table II.

3. For the nozzle with the plug (fig. n(d)), the value of ~
is o.

4. For the shortnozzleat the throat(flg. Ii(e)),the axial
lengthof the correspondinginitialexpansion &t is -
approxlmatel.y

do + WI
Le&~ eot $1

IUMARXSON APELIOA!CIONOF DESI@lMETHOD

Mathematical expressions for the wall coordinates of
sonto nozzlesIn whiohsouroeflow is developedaxe valid
valuesof ~ equalto or lessthan 31°. The assumption

(240)

super-
for
that the

flowfollowsthe nozzlewallfor valuesof ~ up to 31° must be

verifiedby experiment.The use of sharpoornersat the Initial
expansionpartmust.be checkedas well. Untilthis oheokis made,
~ = ~11 be restrictedto km s-e valuesand smoothturns

used insteadof sharpmrnera. Becausecd’the favorablepresure
gradientin the expansionpart uf the nozzle,however,the flow
will probablyfollowthe nozzlewallfor all valuesti ~ per-
mittedby the theory. Satisfactoryfluw aroundsharpcornersis
also likelyfor the samereason.

A sempleoaloulationis givenin tableIII of all the desi~
parametersand typioalwall ooordlnatesfor two nozzlesha- a
finalMaoh numberof M = 3.50 and a finalwidth & 10 Inohes.
One nozzlehas an initialturningpartconsistingcd?one turn
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about a sharp corner and belon~ to the class of shortest nozzles.
The other nozzle has an initial turning pext consisting of two
turns about s- corners and oontalns a strtight-walled part.

No aocount was taken d the aPfeot& boun~y-l~r growth on
the walls on the nozzle flow. E the ~oper distribution of
boudl~-lqw displamnent miclmess iS hOWQ, the 100a y ~oor-
dinates obtained by the equations of this report should be Imreased
by this boundsry-l~r thickness. It Is important to correot the
shqpe crfthe straight-walled ~ of the nozzle for the bouniku’y
l~er ~ order to atotdthe emissionof unoapensated mzpz’ession
waves that~ produoea shookfrent scauewherein the flow.

Flight Propulsion Rose-h Laboratory,
l?ationalAdtiso~ Caamittee fm Aeronautics,

Cleveland, Ohio.
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JWPENDIX A

.

SYMBQtS

The following symbols are used in this report and are illus-
trated In the figures:

sxeanormal to flow direotion (Beoause unit depth
is assumed at all nozzle sections, the area at any
seotion is numericallyeuualto the widthof that
seotion.)

source-flow areanormalto flow direotion at seotion
where M = 1 (equivalentthroatarea)

areanormalto flow direotionin expansiveturn
aroundoorner

cross-sectionalarea of nozzlebearinguniformflow
at ~ (nozzleexit)

souroe-flow =ea normalto flow linesat radialdls-
tanoe .r from apparentsouroe

nozzle-throat area

radial distances frcun“corner” to streamline repre-
senting ad$aoent nozzle wall (see figs. 11 to 14)

dlsplaoement

radialdistancesfrm “corner”to streamlinerepre-
senting ranote nozzle wall (see figs. 11 to 14)

L’ lengthof supersonic part of nozzle

Le length of initial expansion part

2 distance along characteristicfrom nozzle wall to
limiting characteristic (*-)1,, M+)EY or (V+)s

M Maoh number

%3 Maoh number of flow at circular-arc section EE’

% final Mach number of nozzle flow

co
PP

—
.
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Maoh number of flow at seotion ~’

Maoh number of flow at fIrsthalf of initiale~-
sion part

Maoh number of flow at oiroulexr-arosectionbeting
souroefluu at dtstcuacer frcm souroe

Maoh numberof flow at oizm--mo section SS1

radialdistancealongstreamlineor nozzleazisfrau
apparentsouroe

radtaldistanoebetweenappment souroeand droular
sxc sectionat which soniovelocity (M = 1)
existsin sourceflow

radial distanoe of ciroular-aro seotion EE’ frcsn
apparentsource

radial dist=ce beln?eenapparent souroe and looation
of point on uis where ~ is first attained

distanoq along nozzle azls frcm apparent source O
to (y+)I 0?? (~-)I!

radial distance cf oirouler-aro seotim SS’ fraz
apparent soiume

width of section II’

nozzle-wall motiinat es

nozzle-wall coordinates of
oppesite first oorner

nozzle-wall coordinates at
opposIte second cotier

distance of
souroe

distance &

ooordinates

inclination

downstream end

initial expansion part

Initial expansion part

of nozzle frun apparent

section IIt from apparent souroe

of

of

charaoteristio

nozzle wall to nozzle axis
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%

$

Y

e

e=

e=

A

Y

(’4+)

(WJ

!?f

Y1

maximum, inclination d nogzle wall
(corresponds to wal:dndflfion
arc sectlms EE’

NACA RM No. E8B02

to nozzle axis
between clrcular-

Ma.ohangle (~ = stn‘1 l/M)~ angle between
line and Mach line or chexacteristlc

Mach emgle at section EE’

Mach angle in finaluniform

Mach angleat section II’

Mach angleat firsthalf of

ratioof specificheats

nozzlef luw

initial turning

angle betweencheraoteristicsboundingzone
e~ansion wavesfrom corner C

stresm-

pEmt

M

angled inclination of streamline to nozzle axis

one-half included angle betweenboundarystreamlines
of sourceflow (maximumpossible @ in source
flow)

angle d Inclination at r

angle betweendownstream characteristic
oorner C~ end section II!

equivalent Prandt l-Meyer turning angle

through

characteristicorlginating at

characteristicoriginatingat

value’cd? T at nozzleextt

valueof g at section II’

upper nozzle wall

lowernozzle wall

,

.
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Points along the nozzle wall or In the flow are designatedby
letters; letters for pointsalong the lower nozzle wall &e prhed.
sections (cross seotions throughthe two-dimensionalf10W,which
are thereforeonly lines)me desi~ted by the two letters ending
the lines. Point-designation letters are in sane plaoes used as
subscriptsfor clertty. Zones (region of differentkinds of flow)
are desi~ted by Romannumerals;peu’tsof the nozqle,~ioh, like
the zones, have two dimensions, ezw Galled by nmz9. The following
looatlonMtters are used:

c

c’

E

E’

I

I’

o

s

Sf

comer in nozzlewall boundingsonioor supereonio flow

corner in lowernozzlewall correspondingto C

pointon upper nozzlewall at oirouler:- sectionat whioh
souroeflow is first established aoross enttie chmnel of
nozzle

point on lower mzzle wall corresponding to E

point on upper nozzle wall representing downstream boun~
of initial ~ion part

point on lowernozzlewall oorrespondi~to I

apparentsouroe

pointon uppernozzlewall at last ciroular-- seotionat
which sourceflow existsaorossentirenozzlecharnel

point on lower nozzle wall co=esponding to S

Othercapitalletters=e used to desi~ate arbitrarilyohosen
pointsand as subscriptsreferringto thosepoints;a, b, c, and
d - used as subsorlms In ap~dix B to Indicate hypothetical
values.
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APEENDIX B

METHODQF ~ICS IN

-ion Waves Generated at

NOZZLE DISICN

Channel Walls

The form of the method of characteristicsfound most convenient
for designing two-dimensional nozzles Is described. Irrotatlonal
flows with total taperature and total.pressure constant throughout
the fteld are considered.

The starting point taken in setting up the method of char-
acteristics used is conveniently discussed in temns of a unif’o?.m
two-dimensional.sonic or supersonic flow turning around a sharp
corner of a wall along which the flow passes (fig. 18(a)). The
streamlines are turned about the corner with increasing Mach nwnber,
~ at c1 ma C2j in wedge-shaped zones BCID ~cl EC@ in
which the statIc pressure decreases and the velocity increases in
the directicm of the flow. Such zones of decreasing pressure and
increasing velocity are called expansion waves. Along radial lines
thro~ c1 ma C2 the velocity, pressure, density, tmperat~ ~

flow Mach nuniber,and flow direction are constant. These radial
lines are Mach lines that make the Mach angle with the local flow

direction ~ = sin-l ~. Downstream of the bounclingMach line CID,

the flow is unfiom and p=allel to wall C1C2. At the corner In

the wall at C2, the second wedge-shaped zone has a Mach line C2E
as the upstream boundary, which makes the same Mach angle P with
the flow as does the Mach line CID because the flow between these

two lines is uniform.

As the length & wall C1C2 has no effeot on the dlrec-

tion and Mach number of the flow at line C2E} the point C2

could be made coincident with Cl without altering the flow at

C21?, The change in Mach number and direction M the flow can

therefcme be considered to be a function only cf the angle through
which the flow is turned. Any stream tube having a supersonic
Mach number can be considered to have come fmm a sonic flow (M = 1)
turned about a corner of angle !!. The expression relating the
flow Maoh number end corresponding turning angle (reference 2) is ,
in the notation af this paper ,

JEi -
—— —

!7= A ten-l —-
A

tsn-~ J= (Bl) “ “

.
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Beoause the Maoh
lines radiating from

value of ‘1 equal to

nunher of the flow is oonstant along Maoh
Cl end C2, eaoh Maoh line is assigned a

the turning of the sonio flow required to
give the corre&mnding Maoh numb~. It is oonvenlent ~o subsortpt
~hesevaluesof- T ~- (~.) to Indioatethat the flow is devia&d
in a clockwisedireotionfrom the directioncd the flow at sonic
speedwhen crossingthe Mach line originatingat ~ or C2. A
Maoh lineto whioh a valueof !? hea been assignedwill be called
a oheraoteristio.The angularturhingof the flow produced by an
expansion wave is equal to the difference in the mlues of ~ &
the charaoteristics bounding the wave. When the wall curves uni-
formly from c1 to C2, as in figure 18(b), at eaoh point in the

wall the turning of clifferential angle dY is eonsWsred to take
plaoe. The wedge-shaped zone through eaoh tuzm d~ has a differ-
ential vertex angle at the wall and is sim~ly represented by a
single Mach line. The oorresganding system of characteristics has
the form shown in figure 18(b). The flow aoross eaoh oharaoter-
istio is parallel to the flow at that ~~t on the wall at which
the oheraoteristi.coriginates.

●

~, titer the turning of a sonicflow about a oornerin
wall A (fig.18(c)),a oornerin wall B is encountered, the flow
deviates in a counterolookwise dlreotim around the comer in
wall B. The ohemge in Maoh nuriberof the fluu due to the turn
about wall B is the same as a simil= turn smund wall A with an
initial Mach number equal to the value in zone 1. H ohsraoter-
istios originating from wall B are numbered aooording to the total
counterolookwise angular deviatim e~rienoed by the flow miving
at the oharaoteristics and indioated by (T ), then the total
turning experienced by the flow going from the sonic zone to
point ‘P @ ig. I@(o)), for exemple,‘is

~= ~a + Yb s (~+)b + (g-)a = A tin-l

(B2)

The net counterolookwise engul= deviation of the flow along C2P
fran the flow direotion in the sonic zone is

e = (!qb - (Ua (B3)

Every point in a supersonic flow is crossed by two Maoh lines
making the M&oh angle F3 with the flow direotion. Because the
cheraoteristics are Maoh lines numbered aocotiing to the convention
just established, to every point in the supersonic flow a (Y+)



and a (’#.) clwa’aoteristiccorrespond.IX the valuesof (Q+)
and (’?-) are Imownat a pointin the flow,the Maoh nmnberand
the direotionare givenby equations(B2) and (B3). The valuesof
the (T+) and (~-) oharaoteristlcsdownstreamof point P are
the same as at potnt P beoauseno additional.turningof the flow
ocaursdownstreamof C2P.

.

a
I-J
I-J

The valueaf (Y+) assignedto a ohaxaoteristio is unaltered
by Its intersectionwith the oharaoteristios of the (Y-) set or
vice versa. Two dmraoterlstios of the (!?-)set are showninter-
secting the two charaoteristios & the (IJ+) set In figure 18(d).
Three parallel streamlines, whioh ~ be mnsidered to be elements
of a supersonic stream tube are flowlng aoross the oharaoteristics.
Streamline 1 is first @men a oounterolookwtsedeviationin flow
path equalto (l’+)d- @+)b in crossingthe (V+) set of ohu-

aoteristios.It oontinuesin a strai@ lineuntil it intersects
the set of (!?-)oheraoterlstics,which gtve it a clockwise
deviaticmIn flow path equalto (Y!.)a- (~.)c. The net dal?lection

in path in the counterolookwlsedireotionis_ [(~+)~- (~+)b]

[- P-)a - (V-)d. Streamline3 interceptsthe (q-) set of ohar-‘

aoteristiosfirstand is defleotedin a olookwisedireotionby an
—

amount (Qa - (W.)o. It continuesin a straightMne until it .

interceptsthe (V+) set of oharaoteristics,which deflectit in

a co~te~loo~se d-ction ~ ~~t (Y+)d- (g+)b. The ~t

defleotIon of streamline3 in the oounterolodcwlsedireotionis
[(y+)d- (y+)~ - ~W-)a - (!?.)~, the seam as for streamline1.

The totalturning AW experiencedby both streamlines1 and 3 in
orossingboth sets of &araoterlstlcsis the same and is equalto
[(~+)d- (~+)b]+ ~~-)a - (T-).]. n ‘treaties 1-3 W

the sameMaoh numberand flow dlrmtion beforeinteroepbingthe
(Y+) and (V-) set d charaoteristios,they wouldhave the same
new Maoh numberand new flow dlreotbn aftercrossingthe ohar-
aoterlstics.The stream-tube widthhas also inoreasedto a value
oorreapcmdingto the hi@er Maoh nmber M flow after crossing the
oharaoteristios.Strear)il.lne2 orosses both sets of Wuwoterlstlcs
simultaneously. Eaoh set aP chswaoteristios produoes its turning
cd the flow independently of the other. The streamline assumes the
resultant dlreotion due to the simultaneous clookwlse and oounter-
olookwise turning.at the flov. The final-flow direotion and Maoh
number at P is the S- as for streamlines 1 and 3 &ter passing
throu@ both sets cd dwxderistios.
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Chsxaoteristics Inoident on Ohannel Wall

Only flows that do not separate fran the oonfinlng ohannel
walls exe considered in this report. Consider two charaoteristtcs
of the (Y.) set, having values (Y-)a and (Y!-)b, incident on

the straight channel wall shown in figure 18(e). The streamlines
move along the wall tnstead af following the dotted path under the
influenoe & e~ansion waves contained between the (Y-) ch~-
aoteristios because an e-ion wave belonging to the (Y+) set
arises at the wall between points A and B that cancels the
tendency of the flow to deviate frcm the wall. That Is,

fL(l’J = (L)b - ma =.A(W+) = (Y+)d - (Y+)c (B4)

H, between points A and B, the >all mrves (as in
fig. 18(f)) an smount Au. then the expansion wave of the
(Y;) set-&t exceed tha~ of the incid&t (~-) set by
Au or

A(k+) = (~+)d - (~+)c = A(!-) +@ ‘(%)b - (~-)a

Jf between points A and B (fig. 18(g)) the wall
the dlreotion of the streamline along the wall under the

an emount

+ Aa (B5)

cnarvesin
influence

of the wave of the (Y-) set only, ~hen-the flow ad~aoent to the
wall follows the wall without requiring the oanpensating expansion
wave of the (~+) set. In this case no wave of the (Y+) set is
generated. The fact that waves emanating fran a ohannel wall mn
be sup~essed by curwl.ngthe wall to the shape d the ad@oent
streanllne under the influeaoe of the inoident experyion waves

represents the basis of the method for designing supersonic nozzles
used in this report.

The characteristics arising at a wall aboutwhioh a two-
dimensionalflow is turnedare straQht as longas the flow
respondsto wavesfrom only one wall. The deviationof the flow
producedby an intersectingsystemof wavesresultsin curved
characteristicsbecausethe characteristicsmust make the Maoh
angle B evemere with the fluw direction.
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APPENDIX c

DERIVATION CIF‘~ION FOR MAXIMM IN3Z’IAL=ANSION ANGLE

In the discussion in appendti B of the expansive turning of a
supersonicflow abouta continuouslymrved wall (flg. 18(b)),
charaoteristicshavinga finitedifferencein turninganglewere
shownto have a finitedtstauoeof separationat the wall. H D
be a displacementin the directionof the flow at the wall then

(cl)

In the limiting case ai?a sharp expansive turn (fipite angle) at
the wall, all charaoteristios in the corresponding wedge-shaped
expansion wave originate at the shsrp oorner (fig. 18(a)). The
flow adjaoent to the wall undergoes an abrupt finite increase in
Mach number in crossing the wedge-shapedexpansionwave at its
vertexwherethe wave width dD in the directionof the flow is
vsnishinglysmall. In this case

dDaii=o (C2)

The condition ex~essetl by e~uatlon (C2) represents a llmiting

value of ~ beoause no expansiveturn in a wall will give
dD

negative values for ~ in the absenoe of waves Inoident upon

the walls.

‘ In the expansion part of the nozzles considerti, no waves exe
incident upon the nozzle walls. Therefore the condition that

&ZO applles.

When a value of ~1 or M1 is chosen to low for the maxi-
%

mum wall-expansion angle ~ employed, then ~ becmes negative

in the nel~borhood aP seotion II’ where e = O. For the limit-
ing condition

dx-=
aM

where X is the coordinatecd?the
(direotion cf flow at section II’

o (C3)

wall parallel to the nozzle axis
where a = O).

.
.
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In order to obtain the allowable values of !#I and aE, as

governed
entiated
where 6

The
is given

Fran the
equation

by equation (C3), the expression for X must be differ-
with respect to M and set equal to O at section I,
.OO, M=M1, and r=~.

e~ress ion for X for the erpansion pert of the nozzles
by equation (13)

X=rms@- Mr (a~ - e) 00s (I3 - e) (04)

valuesuf the per-t ers at seotion II’~ the terms In
(C5)are obtained: Fran equation (1), with 7 = l.~s

3

()
r=~5+l#

%=~[(is-~~~ (C6)

Substitutiu f= rl the eqression preceding equation (C6)yields
for section II’

$&”’IM* (C7)

ax
3Z=c0i3e - hf(CLE- e) cos (p - e)

Because 8 = 0° and M = MI,

E=l -M~cosf3

E= ’-G=E
(C8)
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and

From equation (lld),with Y = 1.40,

fi -sVwl=Atan-l T- t=-l ~Ki - !!’Ie

‘=(1,*; 4AG,‘*= ‘(”f-’)M#+M1 ) ~~1

ax
33= [-r sin 13+ Mr cos (p-e)- (a~ - e) sin @ - ejj

Therefore, for e = O

By definition

P = sin-l ~

From equation (C4)

ax
~=lfr(q-e)sfn(p --6)

which beoomes at section IIt

Also

1-

—

(C9)
.-

\

(Clo)

(cIL)

(Cu)

.<. —

ax
Z =-r(~-e)-(f 3-e)

.
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./
1 which givee, for easo

ax
a’i ‘I % (c13)

Substituting equations (C7) to (C13) in equation (C5) =d solving
for ~ yields equation (14):

(M12-1)
3/2

%=
0.6 M14

*
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TA@LE I - VALUESOF ~, Y, r/rl, and d/d. FOR FI~ INTWWAL3 OF M —

1

1.00
1.0!2
1.04
1.06
l.oe
1,10
1.12
1.14
1.16
1.19
1.20
1.22
1.$?4
1.26
1.28
1.30
1,32
1.34
1.36
1.38
1.40
1.42
1.44
1.46
1.48
1.50
1,52
1.64
1.56
1.58
1.60
1,62
1.64
1.66
1.68
1.70
1.72
1.74
1.76
1*%
1.80
1.82
1.84
1.,86
1.88
1.90
1.92
1.94
1.96
1.98
2.00
2.02
2.04
2.06
2.08
2.10
2.12
2.14
2.16
2.lE
2.20
2*28
2.24
2.26
2.28
9.30
2.32
2.34
2.38
2.38
2.40
:.::

2:46
2.48

2 13

Y, Ff, r+
(d:g) (deg)

90.000
78.636
‘74.05e
70.830
6’?.806
65.380
63.234
61.306
59.550
57.936
65.443
55.062
53.751
52.528
51.375
50.286
49.251
48.W38
47.332
45.439
45.585
44.767
43.983
43.230
42.60’7
41.810
41.140.
40.493
39.868
39.265
3S.682
38.118
37.572
37.043
36.530
36.032
35..549
35:080
34.624
34.180
33.749
33.329
32.921
32.623
32.135
31.757
31.388
31.028
30.677
30.335
30.000
29.673
29.333
29,041
20.736
28.437
28.145
27.859
27,576
2’?.304
27.036
26.773
26.615
26.262
26.014
25.772

0.000
.128
.3s1
.537
.968
1.335
1.735
2.160
2.607
3.074
3:558
4.057
4.570
5.093
5.627
6.170
6.721
7;279
7.844
8:413
8,987
9.56S
10.146
10.7’30
11.327
11.906
12.495
13.085
13.675
14.270
14,860
15.462
16.043
16.633
17.223
17.810
18.397
18:981
19.566
20;146
20.72.5
21.304
21.S7d
22.450
23.020
23.686
24.152
24.713
25.270
25.827
26.380
26.929
27.476
28.022
2S;562
29.097
29.631
30.161
30.688
31.213
31.732
3$2.260
32.763
33.274
33.778
34.283

25:633 34:782
26.300 36.279

J
25;070
24.e45
24.624
24.407
24.195
23.Q813
23.780

35:771
36.262
35.746
37.230
37.706
38.184
38.655

4

,2C$3
~,$$

Af r
~’ <
1.0000
1.0003
1,oo13
1.0029
1.0051
1.0079
1.0113
1.0153
1.01a8
1.0248
1.0304
1.0366
10M32
1.0504
1.0381
1.0663
1.0750
1.0842
1.0940
1.1042
101149
1.1262
1.1379
1.1502
1.S929
1.1762
1.1899
1.2042
1.2190
1.2344
1.2602
1.2666
1.2835
1.3010
1.3190
1.3376
1,3567
1.3764
1.3967
1.4175
1.4390
1.4610
1.4836
1.6069
1.5307
1.5663
1.s804
1.5062
1,6326
1.6597
1.6875
1.7160

.1.7431
1.7750
1.8056
1.8369
1.8690
1.9018
1.9354
1.9698
2.0050
2.0409
2.0777
2.11E4
2.1538
2.1931
2.233f$
2.2744
2.3164
2.3593
2.4031
2.4479
2.4936
2.6403
2.5880

5

b &

T%

1.0000
1.0203
1.0414
1.0631
1.0855
1.1087
1.1327
1.1574
y ;:g

1:2365
1.2646
1.2936
1.3235
1.3544
1.3862
1.4190
1.4529
1.4878
1.6238
1.5509
1.5992
1.6386
1.6792
1.7211
1.7642
1.0087
1.9345
1.2017
1.9503
2.0004
2.0319
2.1050
2.159’?
2.2160
2.2739
2.3336
2.3960
2.4582
2.6232
2.5902
2.6590
2.7229
2.9028
2.8778
2.9550
3.0343
3.1160
3.1999
3.2853
3.3760
3.4663
3.5601
3.5565
3.7s57
3.8576
3.9623
4.0692
4.1.803
4.!?942
4.4109
4.5300
4.6541
4.7eo’7
4.9107
5.0442
5.lSI.3
6.3221
6.4666
5.6151
.5.7674
5.9238
6.0S44
6.2492
6.4123

1

MS%S M

2.60
2.62
2.64
2.56
2.6s
2.60
2.62
2.64
2;66
2.68
2.70
2.72
2.74
2.76
2.?%
2.80
2.82
2.84
2.86
2.88
2.90
2.92
2.94
2.96
2.98
3.00
3.02
3.04
3.05
3.08
3,10
3.12
3.14
3.18
3.18
:::2

3.24
3.26
3.28,
3.30
3.32
9.34
3.3a
3.38
S.40
3.42
3.44
3.46
3.42
3.50
3.52
3.64
3,56
3.58
3.60
3.62
3.64
3,66
3.68
3.70
3.72
3.74 ,
3.76
3.78
3.80
3.e2
3,84
3.86
3.80
3.20
3.92
3.94
3.96
3.98

2

(d:g)

23.57E
23.38C
23.18C
22.92?
22.80E
22.62C
22.43E
22.25$
22.08%
21.9of
21.73E
21.571
21.40C
21.24S
21.08s
20.92f
20.77C
20.61Z
20.46t
20.31E
20.171
20.02?
19.S8t
19.74E
lQ.601
19.471
19.337
19.2ot
19.074
18.94E
1s.81s
18.694
1S657C
18.44S
lQ.32E
18.21C
18.093
17.877
17.863
17.751
17.64C
17.53C
17.42!2
17.31e
17.206
I7.1OE
17.602
16.90C
16.799
16.70C
16.602
16.504
16.4t19
16.314
16.220
16.128
16.036
16.946
13.S56
15.768
15.680
1s.594
16.606
M. 424
15.340
15.2S9
15.176
15.095
15.015
14.S36
14.857
14.7B0
14.703
14.627
14.552

, Yr, Y#

(deg)

39.124
39,589
40.050
40.508
40.963
41.415
41.063
42.308
42.749
43,187
43.821
44.053
44,481
44.906
46.328
45.746
46.161
46.373
46.982
47.388
4’7.790
48.190
4S.586
48.980
49.370
49.7s7
50.142
50.523
50.902
51.277
61.650
52.020
52.386
32.760
53.112
53.470
53.826
54.179
54.630
64.877
53.222
56.564
66.904
56.241
66.576
56.908
67.238
67.664
57.em
58.210
68.330
68.847
69.162
59.474
59.784
60.091
60.se7
60.700
61.000
61.299
61.E95
61.889
62.181
62.471
62.758
53.044
83.327
63.508
63.087
64.164
64.440
64.71,3
64.984
65.253
66.520

4

+:,

Af r
q’<

2.6367
2.6864
2.7372
2.7891
2.8420
2.8950
2.9511
3.0073
3.0647
3.12SS
3.1930
3.2440
3.3061
3.3696
3.4342
3.5001
3.5674
3.6369
3.7058
3.7771
3.8498
3.9238
3.9993
4.0763
4.1547
4.2346
4.3160
4.3989
4.4e36
4.6696
4.6573
4.7467
4.0377
4.9304
5.0248
5*I21O
5.2189
6.31.86
5.4201
5.6234
6.6286
5.73= ~
6.8448
6.956S
6.0687
6.1637
6.3007
6.41ZJ8
6.6409
6.6642
6.7896
6.9172
7.0470
7.1791
7.3133
7.4601
7.s@91
7,7304
7.8742
fl.0204
8.1690
8.S203
8.4739
0.6302
8.7891
.2.9606
9.1148
9.Q817
9.4513
9.6237
9.7990
9.2771
10.1E80
10.3420
10.5288

Y

5

bd
~~ ~

$=

6:9626
7.1400
7.3S23
7.5295
7.7318
7.9394
8,1522
0.3704
8.5941
8.8236
:.::;:

9:6470
9.2003
0.0600
0.3260
0.5987
o.e781
1.1643
1.4576
1.7580
2.0657
2.3809
2.7037
3.0345
3.3728
3.71e4
4.0743
4.437’7
4.8096
5.1903
6.6800
5.0789
6.3871
6.8048
7.2321
7.6694
8.1168
8.5746
9.0427
9.6216
0.0114
0.6123
1,0246
1.6484
2.0g40
2.6316
3.1914
3.7637
4.3486
4.9466
6.5577
6.1S22
6.8204
?.4725
B.13e8
3.S196
9.6151
2.P265
2.9512
1.6925
2.44S6
3.2227
4.0122
4.8104
5.6416
j.4820
7.3401
3.2160
).llO1
).0227
),9542
1.9049

~

.

.“ ,

—
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TA2LE I - VALOE3OF B, r, r/rl,End d/do FOFIFI~D IN~vA~ OF ~ - concl~e~

43

4
A
m

.

,

1

, q, HI

‘M
4.10
4.15
4.20
4.25
4.30
4.3s
4.40
4.4s
4.W
4.85
4.60
4.65
4.’70
4.75
4.80
4.8S
4.90
4.95
5.00
5.05
5.10
5.15
6.gO
5.25
5.30
5.s5
5.40
5.4s
5.60
5.s5
5.60
6.66
5.70
6.75
5.80
5.05
5.90
5.95
5.00
6.05
6.10
6.15
6.20
6.25
6.30
6.s5
6.40
6.43
6.60
6.55
6.60
5.65
6.70
6.’75
6.80
6.8S
6.90
6.95

2

(JSI
14.478
14.296
14.s17
L3.943
L3.774
L3.609
L3.448
L3.Z90
L3.137
L2.926
L2.840
L2.696
L2.566
L2.419
L2.284
L2.I.33
L2.025
L1.S99
L1.776
L1.665
L1.637
L1.421
L1.SC9
L1.197
L1.06.6
LO.9S1
LO..276
LO.773
LO.672
LO.573
LO.476
LO.360
LO.287
LO.196
LO.1O4
LO.015
9.928
9.842
9.758
9.676
9.694
9.514
9.4s5
9.368
9.282
9.207
9.133
9.061
a.989
8.919
S.850
8.782
a.716
8.649
8.664
8.620
8.457
8.394
8.333
0.273

3

r,q,Y#
(deg)

65.785
66.439
67.08.5
67.714
68.334
68.943
69.541
70.128
70.707
71.e74
71.e3s
72.380
72.919
75.448
73.969
74.423
74.986
7Li.4e3
75.970
76.451
76.921
77.323
77.841
78.293
78.7s5
79.170
79.599
80.017
80.433
00.044
81.244
81.643
82.032
82.418
82.795
83.171
83.W7
63.9c@
84.257
04.607
64.955
65.299
86.634
85.968
86.296
86.61s
86.938
S7.261
67.561
87.86S
88.169
B8.466
88.759
89.051
89.335
89.618
89.895
90.170
90.442
20.710

4 16

+

2a3
A,*%$ b d,—

Af p
~~

q~
10.719 42.075
11.’207 45.388
11.713 48.030
12.i?43 50.609
12i791
13.363
13.965
14.671
15.210
15:874
16.662
17.Z77
18.016
1S.787
19.583
20.409
21.283
22.s61
;:.:r)

26:000
26.018
27.069
28.159
29.223
30.446
31.649
32.823
S4.174
36.501
36.869
38.281
39.741
41.246
42.796
44.400
46.050
47.764
4s.507
51.318
53.178
55.101
57.077
59.114
61.210
63.370
55.589
67.877
70.228
72.647
75.134
77,695
80.323
63.027
85.804
88.661
91.594
94.609
97.700
100.860

!X3;724
56.792
60.006
63.383
66.923
70.638
74.529
78.61.2
22.%2
87.358
92.039
96.943
102.06
107.43
113.03
118.89
125.00
131.39
138.05
145.02
152.27
169.84
167;74
173.98
194.54
198.48
202.78
212.46
222.56
233.04
243.94
233.30
267.09
27!3.36
292.09
305.34
319.07
333.36
348.17
363.65
379.60
396.06
413.21
431.02
449.46
4-.67
488.37
SIE:;;

552.X3
674.89
598.46
622.e4
646.07
674.13
701.11

1

K, Mf, M

7.00
7.05
7.10
7.16
7.20
7.26
7.30
7.36
7.40
7.46
7.50
7.55
7.60
7.65
7.70
7*75
7.20
7.8.5
7.90
7.95
8.00
8.05
8.10
8.15
8.20
8.23
8.30
8.35

:::
8.50
8.66
8.60
8.65
8.70
8.75
8.60
8.86
8.90
‘6.95
9.00
9.05
9.10
9,16
9.20
9.25
9.30
9.35
9.40
9.45
9.50
0.66
9.60
9.66
9.70
9.76
9.20
9.26
9.90
9.95
10.00

7=
2 3

T, Yf,Yf -e
(d~g) (deg)

T8.213 90.974
8.155 91.237
8.097 91.492
8.040 91.746
7.984 91.899
7.828 92.244
7:873
7.820
7.766
7.714
7.662
7.611
7.661

82;491
92.731
92.971
93.206
93.441
93.671
93.898
94.122
94.345
94.667
9,4.783
94.998
95.209
95.417
96.527
95.832
96.033
96.234
96.431
96.626
96.821’
97.013
97.199
97.36a
Q7.67F
97.757
97.93E
98.116
98.294
98.469
98.643
98.814
98.903
99.1s3
99.320
99.463
99.647
99.6oa
99:967
100.127
100.282
100.438
100.691
100.742
100.891
101.041
101.126
101.334
101.476
101.623
101.764
101.903
102.042
102.160
102.317

4

29 w

$~’ ‘
Ar r
q, q
104.14s
107.482
no. 931
114.459
118.080
121.794
126.605
129.613
133.620
137.629
141.642
146.159
160.w
155●120
159.770
164.627
169.403
174.418
179.511
184.744
180.109
195.597
201.215
206.964
212.946
218.S66
225.022
231.320
237.763
244.360
251.065
2S7.974
265.014
272.211
279.567
287.084’
294.766
302.615
310.633
318.623
327.190
336.733
344.488
353.358
362.453
371.749
381.226
3s43.902
400.776
410,851
421.131
431.620
442.322
433.236
454.370
475.725
487.304
499.us
611.152
523.425
535.938

.

6



44 NACA RM No. E8802

.

TABLE II - VALUES OF M, p, r\rl, d\do, FOR FIXED INTERVALS OF Y

~alues obtained by interpolation from table II

1 2 3 4 s 1 2 3 4 5

r,Yf, ~aE W

$

‘i’,Yf, 2% WI ~

~f-e ~, ~1 ‘~’ ‘ & yr-g h!, hfr ‘~’w %’

(deg)
(d:g) A~ ~ d (deg)

(d!g) Af r d

~’ < % q’ ~ q

o 1.0000 90.000 1.0000 1.0000 S?0.0 1.77s0 34.292 1.4123 2.5068
..5 1.0504 72.272 1.0021 1.0527 20.5 1.7922 33.917 1.4306 2.5642
1.0 1.081’767.597 1.0053 1.0875 21.0 1.8095 33.549 1.4495 2.6229
1.5 1.1082 64.498 1.0093 1.1186 21.6 1.8268 33● 190 1.4687 2.6832
2.0 1.1325 62.032 1.0138 1.1481 22.0 1.8443 32.836 1.4886 2.7454
2.s 1.16s2 59.970 1.0187 1.1768 22.5 1.8618 32.489 1.5090 2.8094
3.0 1.1768 58● 192 1.0240 1.2051 23,0 1.8793 32.149 1.5299 2.8752
3.6 1.1976 56.622 1.0297 1.2332 23.5 1.8970 31.814 1.5516 2.9433
4.0 1.2177 55.211 1.0359 1.2614 24.0 1.9146 31.487 1.5737 3.0130
4.5 1.2373 53*929 1.0423 1.2896 24.5 1.9324 31.165 1.5964 3.0850
5.0 1.2564 52.74S 1.0491 1.3182 2s.0 1.9603 30.847 1.6198
5.5 1.2752 51.649 1.0563 1*3471

3.1592
2s.5 1.9683 30.E36 1.6438

6.0 1.2937 50.626 1.0637 ;.:;::
3.2356

6.5 1.3120 49.666 1.0715
26.0 1.9863 30.230 1.6684 3.3140
26.5 2.0044 29.929 1.6937

1:4360
3.3950

7.0 1.3300 48.759 1.0796 27.0 2.0226 29.631 1.7198 3.4785
7.5 1.3478 47.902 1.0880 1.4666 27.5 2.0409 29.339 1.7464 3.5643
0.0 1.3665 4’7.087 1.0968 1.4977 28.0 2.0592 29.0S3 1.7738 3.6526
8.5 1.3830 46.310 1.1058 le5294 28.5 2.0777 28,771 1.8021 3.7443
9.0 1.4005 4S.567 1.11E2 1.5618 29.0 2.0964 28.491 1● 8312
9.5 1.4178 44.859 1.1249 1*5949

3.8391
29.S 2.1151 28.217 1.8611 3.9366

10.0 1.4350 44.180 1.1.350 1.6287 SO*O 2.1339 27.946 1.8918 4.0372
10.5 1.4521 43.527 1.1454 1.6632 30.5 2.1529 27.678 1.$234 4.1410
11.0 1.4690 42.903 1.1559 1.6982 31.0 2.1719 27.415 1.9558 4.2481
11.5 1.4860 42.299 1.1669
12.0 1: !503241.703 1.1784

1.7340 31.5 2.1911 27.156 1.0893
1.7713

4.3587
32.0 2.2103 26.900 2.0236 4.4730

12.5. 1.5202 41.134 1.1900 1.8091 32.5 2.2297 26.647 2.0588 4.S909
13*O 1.5371 40.586 1.2021 . 1.8479 33.0 2.2493 26.398 2.0952 4.7128
13.5 1.5541 40.053 1.2146 1.8877 33.5 2.2690 26.151 2.1326 4.8390
14.0 1.6709 39.539 1.2274 1.9282 34.0 2.2888 25.908 2.1711 4.9694
14.s 1.5878 39.038 1.2406 1.9698 34*5 2.3087 25.668 2.2106 5.1038
15.0 1.6047 38.549 1.2541 2.0126 35.0 2.3288 25.431 2.2513
15.5 1.6216 38.074 1.2680 2.0562

5.2431
35.5 2.3490 25.197 2.2933 5.3870

16.0 1.6385 37.612 1.2823 2.1011 36.@ 2.3693 24.965 2.3364
16.5 106555 37.162 1.2971 2.1474

5.s359
36.5 2.3898 24.736 2.3808 5.6900

17.0 1.6724 36.724 1.3122 2.1947 37.0 2.4105 24.510 2.4266 5.0495
17.5 1.6894 36.295 1.3278 2.2433 37.5 2.4313 24.287 2.4737 6.0145
18.0 1.7065 35.876 1.3438 2.2932 38.0 2.4523 24.066 2.5222 6.1855
18.5 1.7235 35.466 1.3602 2.3444 38.5 2.4734 23.847 2.5723 6.3626
19.0 1.7407 35.065 1.3771 2.39’71 39.0 2.4947 23.631 2.6238 6.6459
19.5 1.7577 34.675 1.3944 2.4611 39.5 2.5162 23.418 2.6769 6,7357

1
40.0 2.5378 23.206 2.7317 6.9328

. .
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1

Sv3rti.t noazla~ 10sdO with strai@ t-nllod ~b
14Juu

mm-
bar

—

—

—

190

—

—

—

am
—

00b
—

—
14b

SOu

nx-1
pubed Vd.lm

Ompntathi

90UB

?abla
Valw

6.voM6.7B96 1, ml. 4,
E@i.m

I, 001. 4,
MN. 60

&xlo 1.47W In.

l.wen !.Il.

*

1.4?’20In.

m.6mP

K, given 15.04JF
or

0.4201Bmd{

I, ml. 8,
*S,50

I, CO1. S,
Ifns.m

Ea. @

6(b)
Us 6.00

O.@

(lb omwnhuw]

sB. em’J - 10.OOLY

8

10.W

84.m50 or

o.4e55 U6,

1.=

4.lobO

(ml. 00mmhna.) S.W

II, 001. S,
v~ = 10JF

1.4650 1.s554

II, 001. 3,
Y1 =lo.o

II,sol. S,
Yr ●B.w

Im.,4@44.la@

10.W + M.MU M .Ilw

8.899s

I, sol. S,
% = 43.ss@——

. VaB
* x O.aatio

1.vta6

’110SWalgbt-nlld prtJ t.nltll



Cmtlnued

(b) ~oal omrtWMtes of expanslca mt (Y = 1.600)

a-- ebm$tamtnomle~ Ioaslc with stra@ht-nnMI -b

mtion
tlcdl
mm- 6oumo ofoca@ed veka 6mtrQe of ~tad vti

ber
ml-

mble
Vtilu

-atlml Table OMgQtatlal

M x~<~<~ 1.4330 s K & 2.aee3

(Value oilman)
1.z82G 16 1,77S

1AM (Vslw calm.) 1.600

1 I, 001. 3, I, 001. 3,
M = 1.60 14 .86P M = 1.60 14 .e6@

e Y- ‘1 lld 14.s!3d’J- lo.oo@ 4.ad&’ 14.WW - 5.C=W 9.E4W

$ llb
I, ml. 4, I, ml. 4,
II= 1.60 l.zm q r 1.60 1 .36m

r :%4 1.2Eu? x 1.73m3 S.lm in. l.mca x e.elm 3.6166 in.

P owl *
I, CO1. 8, I, 001.. i?,
H = 1.60 ae.meo I x 1.50 3e.6@

are e4.e6@ - 4.ee@ 19 .4C4P Is.cnw - 9.ee& 5.14°
.33663 d. .m971 rad.

p-e 3e.eesO - 4.e6& 33A890 3$.6s4$0 - 9.96* m.e

x rm8e - X!.1V3$ em 4.860 - 1.6 x
n@R-ehdp-el 13

3.3166 ooa 8.030 - 1.6 x
i!.lv54x.33%e eoa 33.822 1.197 h. 3.31E6 X.cewl Ooa m.e34 3.m4 la.

Y ratie+ 2.17E41 sin 4.060 + 1.6 z.
m.(a~.e),wpe) 13m

3.EW36 tin 9.S60 . 1.6 x
e.lvsa x .33ma #in 33.eae 0.840 in. 3.5166 x.wen &n 28.8= 0.846 in.

(o) Len@ of utrti@t-waUed -t (equation (20))

m

TT6 ,,

I
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TA2L2 III - 24NPU DE9113N OF ~-DIK2NSIOlWJ 2D[WJU~#~21Jk3 RIR F12AL MACE 2DM2EN ~ OF 3.50 AND FINAL H022LB WDT2
- Continued

M

Y

e

~
nl

r

P

ari

P+(

x

Y

(d) T@oel Ooordlnate d straightening part (M = 2.S0)

I I@m- I 2hrtest nozzl.ea Nozzle with straight-walla

Equation
tion

num-
60urce of computation Source of amputation

ber
Table \ Ccmputatlon

value
Table

2. f!993 s M < S.50
(Value &oBen ) 2.m2

1, C:L03, I, 001. 3,
M= . 46.746° M m 2.s0

Yf-Y 16a 5J3.63@- 45.7460 12.7640 ‘

I, 001. 4, I, ml. 4,
M . 2.80 3.3001 M s 2.80

I I I 3.6001 X 1.7328 6.0260 h.

~’ii=c::dsji
I 1

I, 001. 2,
20.925 M= 2.80

1 1 1 1 1

24.26@ - 12.784° 11.4610

.2003 rad.

II I 20.WW + 12.7240 133.7oeo I

roose+

ur(a~-e)oos(p+e) le

lea

I
6.@360 cos 19.764 +
2.8 x 6.M60 x
.2003 000 33.7’oe 8.775 in.

S.241 in.

%. straight-wal.led pmrt; initial expanaion aoampllahed by

bStralght-walled part wItb a~ of 15.M@; initial DXPaUEim

eaob wall.

#

ma turn about sharp coma.

acmputat ion

2.69E9 G M =53.30
(ViLua choaan)

62.63d- 45.746°

3.51M1 x 2.s128

16. wloO - 12.724°

80,92s0 ● 19.V640 ‘

9.s451 00s 12.7e4 +
Q.s x 9.2451 x
.0387 600 33.7oe

9.2461. aln 12.7e4 ●

2.8 x 9.e461 x
.0327 Bin 33.702

i

I Partb

Vallm

--d2.800

9
45.%’46°

12.724°

j
9.6451 in.

4
20.92s

2.216°

.W67 Fad.

L53.7C90

--i

10.4E!9h.

●oocmpllohed by two turns in auoeessloa ●bout sharp oornar at



T461S 111 - MMPU =~ OF lW-DlME81014L mrmIm8101~ Fc41?m4LM4a 6W6m Bfovs.604m 6T64L6G%zu WIorliw
10 I- - COntlm.A

(0) ry’pimlCCerdlrlatosof I.nitlal Upmlim Psrb

Shortmtnozzh with dqh Illiblalmua- tln-ll; F1 . 10.OOW ~ ‘%2,.%.%%%;”$:2 R&%$

Eqr.stllm &m 6c9Nm Or .smd Vflm 61nArM or .XRpltad Vnlm

ber ValIu
Tab19

Talus
Oaputati. fable Gmm4abl-

H.lwt t-

g B .6G#

%
II, ml. ,
Yn - 8.4 I.lE&a

x lsMG~, 16M6~ 1<1 <1.4360 1s MS 1.1662
(Valw Chomul) 1.D400 [Vd. ah09eal 1.14m

P I, ml. 8,
M = 1.24

I, 001. t!,
6.3.761@ x , 1.14 61.S&

Y 1, ml. 3, I, ml. S,
K= 1.f4 4.6W x = 1.14 e.16@

@Y1-Y S3.751 + loam -
4.s70 W.mo

61.- + a.mo -
2.160 61.645-J

I, ml. 8,

%

I, ml. 6,
M = 1.24 l.msa m = 1.14 1.lm4

‘%
%
~% 1.m65 x 1.47= 1.9052 in. 1.lm4 x 1.+7= 1 .7W6 in .

xl q am (p*Y1 -’4) a 1.9068 .00 59.181 0.976 in. 1.7W6 00S 61.646 0.o1o in.

% dl sln ((3+~-y) ~ I.mcb? mln m.lol 1.636 in. 1.7046 d.n 61.546 l.sm in.

J
1 ~.sM<x~ 1.155e 84 x 6 1.8W

(Vd.e *M-) 1.4%302

P
I, 001. 8,
M = 1.s2 66.062°

Y I, ml. S,
M = l.aa 4.06’F’

f3.Y# 56.m8+5. mo- 4.=7 66.PV6°

$
1, 001. 5,
n - l.!a 1 .m.46

de (d41/dohio 1.s846 x 1.47m 1.Bd25 in.

% ~ O- (p+k’~-Y) m. 1,s523 em 55.Bm” 1.042 in.

r q sin (p+w~-~) 1.6625 .In 65.996 1.544 in.

%0 strmf@4-w~.d lmr’q initial UP-km ~itisd by m t=m ~~t tiq -r.

xi
x

z
o
.

m
m
%!



TAFtM 111 - 6AM9M -m OF TM-Divisional s~IO li~ FOR FIUAL NAOH _ Mf OF S.6tl AID PIXAL W)ZIW W- OF
10 ~OE@ - QmOludOd

(f) HOXS1O length

M4m. SlmmtOat nozxlrna WO8B1O with atrxight -wflled Pmtb

Kplatlql :2 -De Or OMUPmOd Trm

I I
Vxlw

tklmoo of pemwtad VfilM
bm ?xbI.a oCmputmbl T4bl@ CmmutalonI Vmm

I
EXKNUXIIXI,Straight-nlkl, U1’ldStratlIhtFMiI1.sW*

1, 001. E, 9
h . 3.60 18 .llmo

1, 001.
u- . S..m’

~ I, oo1. 4, I, y~:6$

n Nf = S.so 6,,7086 %

rf
‘r

n ‘t
6.’7896 x 1.TW 11.13m Ill.

~ II, 001. 4,

%
q=~?k$ 1.IS60 v1=6.fm@
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Figure 1.- Parta of oonventlonalmperaonlc nozzle.
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Figure 2. - Source flw.
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Figure 4. - Characterlf3tlcs in expansion part of nozzle.
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Figure 5. - Sohetnaticrepreeentatlonof flow in neighborhoodof aeotl.onEE9.
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Figure6.- Relatlon or nozzle-wall coordinates to coordinates of
charaoterlatlcs.
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Figure ‘7.- Straightening part of nozzle.
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Figure 8. - Maximum wall-expansion angle aE. y = 1.400.
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Figure 9. - Limiting characteristics in nozzle without “
straight-walled part.
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Wall contour same as streamline of
turn about corner C with turning

Prandtl-Meyer
angle Y1 \

Nozzle throat At

Nozzle
axis-—

M=l

0
0

0 Sharp turn in

k\ /
Subsonic entrance part

(a) Turn about one corner on lower wall.

Wall contour same as streamline of Prandtl-Meyer
turn about corner C at distance bn + throat
width from C

//// 1/// /

/1

/!

-.\\

K$w 4 E’

L-\ “\’’x.- Direction of axis

Nozzle axis— ——

of supersonic

- N \ part or nozzle

Wall contour is a streamline oi?
Prandtl-Meyer turn about corner C
at distance b. from C

Direction of axis of subsonic entrance

(b) Upper and lower wall with contour of Prandtl-Meyer turn
about corner.

Figure 11. - Methods of designing initial expansion part of
nozzle.
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(c) initial expansion produaed by corner at each wall.

Figure 11. - Continued. Methods of Uesigning initial expansion .
part of nozzle.

.
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(d) Inltlal expansion involving use or plug.
v

Figure 11. - (lontlnued. Methods of designing initial expansion part of nozzle.
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Wall aurved in accordance with resultant
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E

exnansion wave from Ct after its t
lnkersection with wave from C
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Wall curved in aooordance
with resultant expansion
wave from C after its
inters ctlon with wave
from G‘?

(e) Initial expansion

F@ure 11. - Conaluded.

produced by short nozzle at throat.

Methods of deslgni.ngInitial expansion
part of nozzle.
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Figure 12. - Two-dimensional supersonic flou about corner.
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Figure13. - Doublelnltial turn, sharp oorners.
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Figure 14. - Doubleln%tlalturn,smoothturne.
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z~roat section

.

Figure 15. - System of characteristics for initial
turning part.
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F@ure 17. - Deslgnatloq of lengths of nozzle parts.
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(a) Turning of?sonic flow about two corners in wall.

Direction of
conic flow

X.1

Direction of sonic flow

Tangent to wall at P . .

.
(b) Turning of conic flow about smoothly ourved wall.

Figure 18. - ScheMtic representationof effect of tunnel-wall
configurationon expansionwaves and streamlines.
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Streamlines 1 Wall B

Sonic
zone

Wall A

(c$)Uniform supersonic flow about corners in two walls.

Streamline
1 \

2

3

(d)FlowthroughInteraeathg aystema of characterlstfus.

Figure 18. - Continued. Sohe=tle representation of effeot Or
tunnebwall configuration on expanaion waves and atreamli,nese
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//////////////A ////B/////// /

Streamline
adjacent
to wall

(e) Expansion wave of I’. set incident on straight wall.

(f) Expansion wave of Y. set incident on curved wall~

Figure 18. - Continued. Schenmtlc representation of’effect of
tunnel-wall configuration on Mach waves and streamlines.
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(g) Wall shape conforms to streamline curvatwe produced

by incident expansion wave of Y. set~

Figure 18. - Concluded. Sche-tic representation of effect
of tunnel-wall conf3-gwation on expansion waves and
streamline a.


